Let S be a nonorientable surface. A collection of pairwise noncrossing simple closed curves in S is a blockage if every onesided simple closed curve in S crosses at least one of them. Robertson and Thomas 9] conjectured that the orientable genus of any graph G embedded in S with su ciently large face-width is \roughly" equal to one half of the minimum number of intersections of a blockage with the graph. The conjecture was disproved by Mohar 7] and replaced by a similar one.
Introduction
We follow standard graph theory terminology 2]. By a surface we mean a compact connected PL 2-manifold without boundary. The genus g(G) of a graph G is the smallest integer g such that G has an embedding in the orientable surface S g of genus g. The nonorientable surface of genus g will be denoted by N g . So, N 1 is the projective plane and N 2 is the Klein bottle. The nonorientable genus of G is the smallest g such that G admits an embedding in N g .
All embeddings of graphs in surfaces considered in this paper are 2-cell embeddings in which every face is homeomorphic to an open disk in the plane.
If is an embedding of a connected graph G in some surface, the Euler genus of is de ned as the number eg(G; ) = 2 jV (G)j + jE(G)j f, where f is the number of -facial walks. We refer to 8] for additional information on embeddings of graphs in surfaces.
A closed curve on a surface S is a continuous PL mapping : S 1 ! S, and we sometimes identify with its image (S 1 ) in S. If a graph G is embedded in S, then cr( ; G) denotes the number of points z 2 S 1 such that (z) is a point of G in S. The curve is onesided if every neighborhood of on S contains a M obius strip, and twosided otherwise. 2 The orientable genus of graphs with a given nonorientable embedding
Let be a (2-cell) embedding of a graph G into a nonplanar surface S, i.e. a surface distinct from the 2-sphere. Then we de ne the face-width fw(G; ) (also called the representativity) of the embedding as the minimum number of facial walks of G whose union contains a noncontractible curve. Alternatively, fw(G; ) is the minimum cr( ; G) taken over all noncontractible closed curves on S.
It is easy to see that the nonorientable genus of every graph G is bounded by a linear function of the genus g(G). On the other hand, Auslander, Brown, and Youngs 1] proved that there are graphs embeddable in the projective plane whose orientable genus is arbitrarily large. This phenomenon is now appropriately understood after Fiedler, Huneke, Richter, and Robert- Equations (1) and (2) imply that the genus of graphs that can be embedded in the projective plane or the Klein bottle can be computed in polynomial time.
By 11], genus testing is NP-complete for general graphs. Therefore, it is interesting that the classes of projective planar graphs and graphs embeddable in the Klein bottle admit a polynomial time genus testing algorithm. Very likely the genus problem for graphs with bounded nonorientable genus is solvable in polynomial time as suggested in 9].
Robertson and Thomas 9] conjectured that (1) and (2) In this paper it is proved that Conjectures 2.2 and 2.3 hold up to a constant error term, even without the assumption on large face-width. It is shown that for any graph G embedded in N g , the orientable genus of G di ers from the minimum (genus) order of a crossing-free blockage for less than (64g) 2 . See Theorem 4.7.
Blocking onesided curves
Suppose that G is a graph that is -embedded in some surface S. We denote by = (G; ) the corresponding vertex-face graph. Its vertices are the union of vertices of G and the vertices of the geometric dual G of G, i.e., the -facial walks. The edges of correspond to the incidence of vertices and faces, with multiple edges if a vertex appears more than once on a -facial walk. The graph has a natural quadrilateral embedding in S.
The geometric dual of , the graph which we shall denote by M = M(G; ), is known as the medial graph of G. (c) Suppose that N g nB is disconnected. Then there is an edge e 2 B such that on each side of e there is a di erent component of N g nB . Let e 2 B be the edge which is dual to e. Let C be a -onesided cycle in Mn(Bne).
Since C contains e, it intersects two components of N g nB . Therefore, C crosses B at least twice, a contradiction. (6) Then U is a vertex-blockage, U is a face-blockage in G, and the following inequalities hold: 2jUj jBj 2jUj + 2g 2 ; (7) 2jU j jBj 2jU j + 2g 2 ; (8) jUj + jU j jBj jUj + jU j + g 1 :
Proof. Let C be a -onesided cycle of G. By Lemma 3.1(b), C intersects (B ). Hence it intersects U. This proves that U is a vertex-blockage. By duality, U is a face-blockage.
To prove the rst inequality of (7), observe that the minimum degree in Similar proofs yield (8) and (9) . Let = (G; ) denote the vertex-blockage number, i.e. the minimum number of vertices in a vertex-blockage. Similarly, let = (G; ) be the face-blockage number (the minimum number of faces in a face-blockage), and 0 = 0 (G; ) the edge-blockage number (the minimum number of edges in an edge-blockage in M). . This operation can be performed on the surface for all vertices in U simultaneously. Since U is a blockage, the resulting graph contains no onesided cycles. We now start identifying some of the new vertices corresponding to -consecutive neighbors of u, say u i and u i+1 . We perform such identi cations on the surface as long as possible so that the resulting graph G 0 contains no onesided cycles.
Let B E(M) be the set of those edges of M that correspond to those -consecutive pairs u i ; u i+1 that have not been identi ed. Since G 0 contains no onesided cycles, B is an edge-blockage. Moreover, since every further identi cation gives rise to a onesided cycle, B is a minimal edge-blockage (with respect to inclusion). It is also obvious that V ( (B )) \ V (G) U.
By Lemma 3.2 we thus have:
This implies the second inequality in (10).
Relation (11) follows by duality, while (12) is proved analogously. (1 i s) , and f 0 = f j for some j (1 j t), or vice versa. This implies (a).
Claim (b) is obvious and we leave the details for the reader.
A collection of cycles C 1 ; : : : ; C k is called a collection of bouquets if there exist vertices x 1 ; : : : ; x p such that every cycle C i (1 i k) contains precisely one of these vertices and such that for any two distinct cycles C i ; C j (1 i < j k), the intersection C i \ C j is either empty, one of the vertices 
Proof. The second inequality in (13) holds by Corollary 3.4. To prove the rst one, it su ces to verify that the bound g(G) 1 2 jFj (64g) 2 holds for some face-blockage F (not necessarily a minimum one). By Lemma 4.1, we may assume that the -embedded graph G is essentially 3-connected.
Let 0 be an orientable embedding of G with genus g(G). Let Similar arguments as used above imply that the graph (A 3 A 4 ) is the union of r 3g 2 disjoint paths P 1 ; : : : ; P r . Choose arbitrarily an orientation of each of the paths P 1 ; : : : ; P r . If C is a -facial walk corresponding to a vertex of P i (1 i r), let v C 2 V (G) be the vertex of G that follows C in in the chosen direction of P i . If the edge of joining C and v C belongs to B U , then Lemma 4.2 implies that there is a -facial walk C 0 such that C and C 0 0 -cross at v C or 0 -cross at a common edge incident with v C . We say that C 0 is a mate of C. If the edge joining C and v C is in B 2 , then we let the mate C 0 of C be a face such that C and C 0 intersect at v C and at another vertex that is not adjacent with v C .
Let A 1 be the set of vertices of which correspond to -facial walks that are not cycles of G. For x 2 A 1 , let F be the corresponding facial walk, and let v 2 V (F ) be a vertex of G that appears twice in F. Since Let A 2 be the set of vertices of P 1 ; : : : ; P r that are not in A 1 and correspond to -facial cycles which intersect their mate in more than just a vertex or an edge. Let C be such facial cycle, and let C 0 be its mate. Since G is essentially 3-connected, there is a noncontractible 4-cycle Q in whose vertices are C; C 0 ; v C and another vertex y 2 V (C \ C 0 ). Let Z be the set of all such 4-cycles of . For Q 2 Z, we denote its vertices by C(Q), C 0 (Q), v C (Q), and y(Q).
It is a simple exercise to prove that there is a subset Z 1 Z of cardinality four of the cycles in that collection of bouquets are homotopic, and a proof similar to the above proof of the fact that jA 1 j 9g yields a contradiction to the minimality of B. This shows that z 9g and, therefore, jA 2 j 729g 2 .
Let F 1 ; : : : ; F N be the facial cycles corresponding to the vertices on P 1 ; : : : ; P r which are not in A 1 A 2 , enumerated in the order of the paths P 1 ; : : : ; P r and with respect to their selected orientation. Let 
Suppose that fi; jg and fi 0 ; j 0 g (i < j, i 0 < j 0 ) are disjoint bad pairs such that i 0 < j and i < j 0 . If F j and F j 0 are in the same path P a (1 a r) and F i and F i 0 are in the same path P b (1 b a), then there is a cycle R ij;i 0 j 0 in that is composed of Q ij , Q i 0 j 0 and two paths P j j 0 P a and P ii 0 P b joining the \upper" and \lower" ends of Q ij and Q i 0 j 0 , respectively. The cycle R ij;i 0 j 0 is called the canonical cycle of bad pairs fi; jg and fi 0 ; j 0 g. We shall need an analogy of (15). That is not automatic, but if jj j 0 j 4, then the length of the segment P j j 0 is at least 7. Consequently, jE(Q ij )j + jE(Q i 0 j 0 )j < jE(P j j 0 )j:
We can view P 1 P r as being a single path by adding auxiliary edges joining the end of P l with the beginning of P l+1 , l = 1; : : : ; r 1. Then we can de ne canonical cycles for bad pairs (or pairs of bad pairs) also when the ends of Q ij (and Q i 0 j 0 ) are not in the same path(s) P a (and P b ). The canonical cycles that use the auxiliary edges are called fake canonical cycles; the others are said to be genuine.
In order to meet the condition jj j 0 j 4 needed for (16) If one of these cycles, say R l = R ij (or R l = R ij;i 0 j 0 ) would be contractible, then the replacement in B of E(R l ) \ P a (or E(P j j 0 )) with Q ij (or Q ij Q i 0 j 0 ) would give rise to another blockage. By (15) (or (16)), this blockage would contradict minimality of B. Therefore, R l is noncontractible.
Similar conclusion holds if two of these genuine canonical cycles are homotopic (in which case we can add to B the missing edges of one of them and remove the edges of the second one). Lemma 4.3 implies that s 3g.
Consequently, jMj 4jM 1 j 3240g 2 .
Let A be the set of facial cycles F l such that l is contained in some bad pair in M. As proved above, jAj 2 3240g 2 . Let C 1 ; : : : ; C t be a maximum subsequence of F 1 ; : : : ; F N such that none of C i is in A and such that, for i = 1; : : : ; t 1, if C i = F j , then C i+1 6 = F j+1 . Clearly, The proof is complete.
The \error" term (64g) 2 in (13) is not best possible. There are examples which show that such term of order (g) is necessary, and we conjecture that (13) can be improved to It is not clear if there is an e cient algorithm for nding a minimum (crossing-free) blockage or its approximation for a graph embedded in N g .
For every xed g, this task is solvable in polynomial time since there is only a bounded number of possibilities for homotopies of curves in an optimum crossing-free blockage. However, this approach seems complicated, and we restrain of describing further details. The case when g = 2 is described in 9].
